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Abstract. We present an inverse scattering construction of gemeralized point interactions
{Gpis), these being point-like objects with non-trivial scattering behaviour, The construction
is developed for single centre S-wave Gp1 models with rational S-muatrices, and sturts frorm an
integral transform suggested by the scattering data. The theory of unitary dilations is then applied
to construct a unitary mapping between Pontryagin spaces which extend the usual position and
momentum Hilbert spaces. The Gp1 Hamiltonian is defined as a multiplication operator on the
momentum Pontryagin space and its free parameters are fixed by a physical locality requirement.
We determine the spectral properties and domain of the Hamiltonian in general, and construct

 the resolvent and Mgller wave operators thus verifying that the Hamiltonian exhibits the required

" scattering behaviour. The physical Hilbert space is identified. The construction is illustrated
by G models representing the effective range approximation. For negative effective range
we recover a known class of Gri models, whilst the positive effective range models appear to
be new. We discuss the interpretation of these models, along with possible extensions to our
construction.

1. Introduction and main ideas

Generalized point interactions (GPI) are solvable models in quantum mechanics representing
point objects with non-trivial scattering bebaviour. The prototype for such models is the
class of point interactions (PI), corresponding to Hamiltonians with §-function potentials
essentially introduced by Fermi [1] and rigorously defined as self-adjoint extensions of —A
on the domain of smeoth functions compactly supported away from the interaction centre
[2]. This construction leads to one-parameter families of PI Hamiltonians in dimensions 2
and 3 which provide the leading-order (scattering length) approximation to the scattering
behaviour of Schrodinger operators with short-range potentials in the sector of zero angular
moementum (see, for example, [3]). We refer the reader to [4] for an extensive bibliography
on PI models.

GPI models are employed to treat more general scattering behaviour, such as higher-
order corrections to S-wave scattering, non-trivial scattering in non-zero angular momentum
sectors or point objects in dimensions 2 4. Such models have been studied for a long time
from the pseudo-potential viewpoint in many body physics (see [5,6]). The mathematical
study of such generalized point interaction (GPI) models began in the Russian literature
with the work of Shirokov [7], and more rigorons formulations were later developed
by Pavlov [8-10] and Shondin [11,12] (see also [13]). In contrast to PI models, GPI
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0305-4470/95/041107+21%19.50 (© 1995 IOP Publishing Ltd 1107



1108 C J Fewster

Hamiltonians are not defined on the usual Hilbert space L?(R¢), but on an extended space
whose inner product may be indefinite, in which case one must identify a physical Hilbert
space of states in order to recover the probability interpretation of quantum mechanics.

In this paper, we introduce and develop a new inverse scattering construction for single
centre GPI models with non-trivial S-wave scattering. It is currently an open problem to
extend this construction to higher angular momenta and dimensions 4 = 4; we discuss this
further in the Conclusion. Qur method is based on the technique of unitary dilations due
in origin to Sz-Nagy [14] and extended by Davis [15].

The S-wave inverse scattering problem has been partially studied by Shondin [11], as we
describe below. First, let us briefly mention the two principal non-inverse GPI constructions,
which we call the auxiliary space and distributional methods. In the auxiliary space
method, developed by Pavlov and co-workers [9,10], one starts with a given extended
Hilbert space and then seeks the class of GP1 Hamiltonians which ‘live’ on this space.
On the other hand, the distributional method of Shondin [12] is a direct attempt to define
H = —A+|w) (w|, where w is somewhere in the j < 0 portion of the scale of Sobolev spaces
I = (—A+1)"2L2(R?). The construction leads to a Pontryagin spacef I, = Ho®C>,
where m is the unique integer such that w € H_,,_»\H_,—; and the inner product has
signature (m, m) on the finite dimensional part, The GPI Hamiltonian is then defined on T,
using Krein’s formula [16].

Returning to the inverse problem, Shondin [11] considered the inverse scattering
problem in d = 3 for S-wave scattering data of the form

cotdo(k) = &7'r (&% (L.1)

where r(z) is a rational function with real coefficients. Shondin refers to this class of data as
the ‘R class’: it corresponds exactly with the class of rational S-wave S-matrices satisfying
the usual analytic continuation property S(k) = $*(—k&) {17]. In particular, the R class
contains truncated low-energy expansions of the form

1
cot 8o (k) = -t tkro + K + oo + By (1.2)
for low-energy parameters L,rg,#1,....%; and any n 2= 0, and thus furnishes

approximations to the low-energy S-wave behaviour of Schridinger operators with short-
range potentials to arbitrary order. Shondin’s method starts by writing down a candidate
resolvent on a (positive definite) extension of the usua! Hilbert space. (In this respect it
resembles the auxiliary space method). Various free functions in this resolvent are then fixed
by requiring that the candidate be the resolvent of a self-adjoint operator. However, this
method is limited to those r(z) with negative imaginary part in the upper half-plane, which
is a somewhat restrictive sub-class: for example, scattering data of form (1.2} is possible
only with rf,...,rm =0 and ry < 0. As we will see later, in the context of our method,
more general scattering data correspond to GPI models defined on Pontryagin spaces. Thus,
in order to apply Shondin’s method to such data, one would have to guess not only the
appropriate extension to the Hilbert space, but also its inner product, thereby rendering it
much less practical as a construction.

In contrast, the method proposed here allows one to treat the full R class. It proceeds
from the simple observation that, for point-like interactions, the scattering data &;(k)
completely specify the S-wave continuum eigenfunctions as ux(r) = (2/7)/2sin(kr +
8p(k)), when scattering normalization is imposed. This is quite different from the usual

1 A Pontryagin space is an indefinite (Krein) inmer product space with a finite rank of indefiniteness—see
subsection 2.1,
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situation in inverse scattering theory, where the scattering data specifies (in the first. instance)
only the asymptotic form of the u;(r). As a regult, the inverse scattering problem for Gpt
models can be solved without recourse to the usual Gel'fand-Levitan machinery.

The u;(r) define an integral transform 7" between H, = L2((0, c0),dr) and H; =
L*((0, c0), dk), (i.e. the radial position and momentum Hilbert spaces) by

2 1/2 pen
(TY)k) = (—) f sin(kr + So(k)r(r) dr T (13)
T 0

We adopt T as a candidate for an eigenfunction transform associated with our desired GpI
Hamiltonian hgp. Of course, 7 cannot be the full eigenfunction transform unless it is
unitary, in which case we can define hgp = 7*k*7. However, when 7 is non-unitary,
- we may ‘dilate’ it to a unitary operator between enlarged inner product spaces, using the
theory of unitary dilations as follows. Firstly, we quantify the departure of 7 from unitarity
by the operators My = 1 — 77* and M; = 1 — T*7, and the closures M; and M, of
their respective ranges. For scattering data in the R class, we will show that the rank and
signature of M, and M; are finite and given in terms of 1nd1ces reminiscent of Levinson’s
theorem [17].

Next, we define indefinite inner products on the M;, -together with an operator
T:3 M - . @ M which is unitary with respect to the relevant inner products
and satisfies Psg7 |9 = T, where Py is the orthoprojector onto JH. T is said to be a
unitary dilationt of 7. We emphasise that the construction of 7" and the enlarged inner
product spaces requires no information beyond that encoded in 7, and is unique up to a
unitary eguivalence and further dilation. To complete the construction, we define the Gpi
Hamiltonian hgpp by

LR 0N, -
hGpI=Tf(O A)T (1.4)

where the dagger denotes the Pontryagin space adjoint, and we have used an obvious block
matrix notation. We will show that A is completely determined by imposing a physical
locality requirement: that the ‘interaction’ be localized at the origin. Mathematically, this
is expressed by requiring the Hamiltonian agrees with the free Hamiltonian away from the
interaction centre, i.e. Agu(¥, 0)T = (—¢”, 0)T if ¥ € C§°(0, 00). Subject to this locality
condition, we have thus constructed both hgpy and its spectral representation. The non-
unigueness in our construction leads to a family of unitarily equivalent GPI Hamiltonians
with the same spectral and scattering properties,

Our plan is as follows. In section 2, we briefly describe some features of analysis
in indefinite inner product spaces, and also describe the construction of unitary dilations,
essentially following Davis [15]. In addition, we sketch our construction in a more abstract
setting. Next, in section 3, we explicitly construct the operators M; and M, (which are

of finite rank) for a generic subclass of the R class—those whose scattering amplitudes
exhibit only simple poles on the physical sheet—and compute their rank and signature.
In section 4, we comstruct figp; as described above. Subject to the locahty condition, we
show that the eigenvalues of hgpy occur at precisely those energies for which the scattering
amplitude derived from (1.1) exhibits poles on the physical sheet, as is the case for ordinary
scattering from ‘nice’ potentials. We construct the corresponding eigenfunctions of Agpr,
and isolate the physical Hilbert space. We also determine the domain and resolvent of Agpy,

t See section 2 for & note on the nomenclature.
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and explicitly construct its Mgiler wave operators in a two-space setting, verifying that they
exhibit the required scattering theory.

In section 5, we illustrate our procedure by constructing GPI models with scattering
behaviour cotdg(k} = —1/(kL) -+ kM, representing the effective-range approximation of
low-energy scattering theory [17). In the case M < 0, H; and J; are extended to
larger Hilbert spaces, and we recover the models of ‘type B;” previously constructed by
Shondin {11]. These models also arise as a special case of the auxiliary space construction
in [8]. The case M > 0, for which Pontryagin spaces are required, appears to be new.
QOur methods allow the entire class of GPI Hamiltonians to be constructed, along with
their spectral representations. A particularly interesting subclass of the models constructed
comesponds to the case L = co, with scattering theory cotde(k) = kM. Such models
reproduce the leading-order behaviour of non-point interactions exhibiting a zero-energy
resonance. We refer to these models as resonance point interactions (RPI).

We also discuss how these GPI models may be used as models for Schrodinger operators
with spherically symmetric potentials of compact support. To do this, we employ a general
methodology for discussing the ‘large scale effects of small objects’ developed by Kay and
the author [3]. In particular, we develop fitting formulae (analogous to those given in [3])
for matching a given potential V(r) to the ‘best fit' GPI model. Finally, in section 6, we
conclude by discussing various extensions to our method.

The motivation for the present work arose in a consideration of the scattering of charged
particles off magnetic flux tubes of small radius [18], in which it was found that the scattering
lengths for spin-% particles generically take the values 0 or ¢o in certain angular momentum
sectors. In consequence, the analogue of PI models representing dynamics in the background
of an infinitesimally thin wire of flux fails to describe the leading-order scattering theory
in these sectors, and should be replaced by models analogous to the RPI models mentioned
above. The special nature of this system can be attributed to the fact that it is an example
of supersymmetric quantum mechanics. Elsewhere [19], we will construct the appropriate
class of RPI for this system.

2. Preliminaries
2.1, Unitary dilations

‘We begin by describing the unitary dilation theory required in what follows. Let H;, ..., Ha
be Hilbert spaces and T e L(H;, H;). Then Te L{H, & FHG, Fo D Hy) is called a dilation
of TIHT = P_r}{zT |7 where Psg is the orthugonal pro_rector onto }z. In block matrix

form, T takes the form

T TP 2.1
“{ o 2} (2.1)

Our nomenclature follows that of Halmos [20]. Elsewhere (e.g., in the work of Davis [15]),
the term ‘dilation’ (or ‘dilatation’) often means that T" is a dilation of 7" and T*"is a
dilation of (T*)" for each n = 1, 2, ... {in addition, H; = Hj, and Hz = H). We refer
to such operators as power dilations: in the block form (2.1}, this requires PR*Q = 0 for
eachn=0,12,....

According to a result of Sz-Nagy [14], any contraction T from one Hilbert space to
another (i.e. 2 bounded operator satisfying |7l < 1) has a unitary dilation between larger
Hilbert spaces. Subsequently, Davis [15] extended this result to arbitrary closed densely
defined operators at the cost of introducing indefinite inner product spaces. (It is clear that
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if §T[| = 1, no Hilbert space unitary dilation is possible.) In fact, Davis’ construction
yields a unitary power dilation of the original operator. This has no physical relevance in
our construction, and so Wwe use a more economical ‘cut-down’ version of Davis® result,
described below. First, we briefly review the salient features of analysis in indefinite inner
product spaces. Full treatments can be found in the monographs of Bogndr [21] and Azizov
and Iokhvidov [22).

We employ a particular class of indefinite inner product spaces known as J-spaces. Let
H be a Hilbert space with (positive definite) inner product {- | -}, equipped with a unitary
involution, J. We define a non-degenerate indefinite inner product [-, -] on H by

(. yl=A{x{ Jy) (2.2)
which we call the J-inner product. H equipped with the J-inner product is called a J-
space. H admits decomposition H = F, & H_ = FH[+]H_ into the eigenspaces H. of
J with eigenvalue 41, where [+] denotes the orthogonal direct sum in the J-inner product.
If at least one of the 3 is finite dimensional, then H is a Pontryagin space with respect
to [+, -].

The topology of a J-space is determined by the Hilbert space norm; however, operator
adjoints and the notion of unitarity are defined relative to the J-inner product. Thus if I
(i = 1,2) are J;-spaces, and T € L(H), FG), the (Jy, Jy)-adjeint TT of T is defined in
terms of the Hilbert space adjoint 7™ by

Tt = 1 T*J,. 2.3)
Equivalently, [T1x, ¥lsg = [x, Tylsq for all x € 3G, y € HG. I [Ux, Uylag = [x. ylag
for all x,y € D C 3, U is said to be (J1, J)-isometric; if in addition U is a linear
isomorphism of H; and 3}, and D = }H;, U is said to be (J;, Jz)-unitary. Equivalently,
UUY = lgg and UTU = L3¢, If 3G = FG with J; = J» = J, terms such as (J;, Jo)-
isometric are abbreviated to J-isometric etc.

Returning to the construction of unnitary dilations, let 7 be any bounded operator
T e L(H;, H), and define operators My = 1 — TT* and My = | — T*T. It is trivial
to show that the respective closures M; = Ran M; of their ranges are sgn(M;)-spaces, and
hence that XK; = 3H; @ M; are Ji-spaces, where J; = 15 © sgn(M;). We now define a
dilation T of T by

N - T — sgn{M;)| My |'/?
T = 2.4)
| M|/ T
which has (J;, J»)-adjoint 71 equal to
T sgn(Ma)| M, |'2
Tt=n57*0 = . (2.5)
—| M, |12 Tlag

Here, we have used the intertwining relations TF(T*T) = f(TTT and T*f(I'T*) =
F{T*T)T™, which hold for any continuous Borel function f. It is now easy to show that
T = lg and 7T = B, thus verifying that T is a (J1, J»)-unitary dilation of T.
In our application, M; and M, are finite rank, and so the J-spaces constructed above are
Pontryagin spaces.

We briefly consider the uniqueness of the unitary dilations constructed above. Suppose
N; are J; spaces (i = 1,2) and that T:H &N, > H, ®N; is a unitary dilation of T
with matrix form (2.1). Then, provided that the M; are finite rank, one may show that

Ti 1 0\./1 0 06
Pygeal l3ger = T - 6)
® 0 U o ul
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where P = P{Ran M;, Q@ = QRan M;, and Uy and U, are unitaries {with respect to the
J-inner products) from M; and M, to P and Q respectively. In addition, Pigeo is an
orthogonal projection onto H; & Q in H; & N>,

Thus T is vnique up to further dilation and unitary equivalence of the above form. If
the M; are not of finite rank, this statement also holds if the M; are strictly positive. More
generally, it is not clear whether Q is necessarily orthocomplemented, and therefore whether
Page0 exists,

2.2. Abstract setting

In this section, we sketch our construction in a general setting, which makes clear how it
may be extended. In particular, we show how the domain and action of the Hamiltonian is
determined.

*  Let H; (i =1, 2) be Hilbert spaces and let A be a densely defined symmetric operator
with domain P C K. Suppose that A possesses two self-adjoint extensions Ax such that

Ar=TIAT: Q.7

where A is a self-adjoint operator on H; with (A + @)~ bounded for some w € R, and 7%
are unitary operators Tz : H; — H;. Let 2, and a_ be bounded operators on JHz which
commute with A and define

T=a.Ti+aT. 2.8)

In our application, 2. are determined by the scattering data. We define M) and M, as
above, for simplicity assuming that they are finite rank (as they are in our application). The
unitary dilation 7 derived above is then used to define a self-adjoint operator B on the
Pontryagin space [y = H; & M by

A 0\.
B=1t i : 2.9
0 A

where A is a self-adjoint operator on N (with respect to its inner product). Thus
N T*A(T¢ — ©) + sgn Ma| My P A(IMs] 9 + T |3 D) ) 210)
® [\ —IM[PA(Tp - ©) + Thg AM g + T |p ©) '

where @ = sgn M;|M;|'/2® (considered as an element of 3;), and B has domain
D(B) ={(p, ®)" | T - ® € D(A)}. 2.11)

To gain a more explicit description of D(B), we impose the requirement that B be a
self-adjoint extension of the non-densely defined operator A@0 on D@0 C I, ie.
B(p, )T = (Ap,0)T for all ¢ € D. Later this will carry the physical interpretation of a
focality condition. It is easy to show that this requirement is satisfied if and only if M is
invariant under A and

A = (M2 72 A% g | M| H)%. (2.12)

As a consequence of locality, we note that if (¢, ¥)T € D(B) with B(ep, ®)T = (@, &),
then ¢ € D(A*), and & = A*p. For take any ¥ € D. Then

B 3 )

e 8
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‘We may therefore rewrite (2.11) as
D(B) = {( : ) | e D(A™), ©¢ D(ﬁ)} (2.14)

where @) = a, T+ +a-T_x-+© and x+ = (Ax + @)~ (A* + )@ — . The advantage
of this expression is that y.. can be shown to be the unique element of ker(A* + &) such
that ¢ + xz € D(AL). In our application, x.. may be expressed in terms of the value of ¢
and its first derivative at the origin.

To determine the action of B more exphc:tly, we use the fact that the upper component
of the right-hand side of (2.10) is equal to A*g in order to compute © = sgn M; |M;|/2&.
We obtain

B=-MATp—-O)+T (A% — T A(To— 0) =TA*¢— ATy — @) (2.15)
Using the fact that @; € D(A), this becomes
O=4A014+0@ - +TA +w)p — (A+ )T+ 01 —0). (2.16)

The last two terms cancel by definition of x. and we conclude that

3{ ¥\ = A (2.17)
@/ \ (senMyMVHIH -

where ® = A®; + w(ay Ty +a_T_x-).

3. Determination of Ay and M

In this section, we determine the operators My =1 —77* and My =1 — 7T*7T, where T
is an integral transformation arising from the scattermg data in the Shondin R class [11]
given by

p(k*)

q(k%)
where p(z) and g(z) are coprime polynomials in R[z], the ring of polynomials with real
coefficients. In particular, we will show how the rank and signature of the M; are determined
by two ‘Levinson indices’ defined helow. We emphasise that our methods are very different

to those of Shondin.
The scattering amp]itude corresponding to dp(k) is

q(%?)
p(k2) —ikg (k%)

cotdo(k) = k7! S;(k)=0 forf>1 3.1)

fo(ic) —ei%o® gin So(k) = (3.2)

Defining the polynomial W(z) by

p(—z") — 2q(~2% p@F#0
W(z) = (33)
p(-2/z—q(=z")  pO=
we note that fo(k) exhibits poles where W(ik) = 0. The set £ of zeros of W(z) in the
left-hand half-plane Re z < § corresponds to poles of f5(k) such that k2 lies on the physical
sheet. We refer to the situation where these poles (and hence the corresponding zeros
of W(z)) are simple as the generic case. In theorem 4.1, we will show that the discrete
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spectrum of the GPI Hamiltonian is precisely {E = —®” | @ € £2} under the requirement of
localityf.

The qualitative features of the scattering data (3.1) are described by the degrees of p
and ¢, two indices Ig’ defined below, and the asymptotic behaviour of cotdy(%) given by

og = sgn lim cotdg(k) and Oeo = 820 lim cotdpk) (34)
k—0t ko0

where the limits are allowed to be £00. The indices I3 are defined by
_ 80(0) — Jo(00) _ $0) ~ £(c0)

| I - and I - (3.5)
where the auxiliary scattering data ¢ (k) is defined as a continuous function on R* by
1 P(=k%)
cot¢(ky = —k! . 3.6
¢ 7—12) (3.6)

We refer to If as the Levinson indices (although Levinson’s theorem [17] will not hold in
its usual formy).

We now define the integral transform T = cos 8o(k)S + sin p(k)C, which is suggested
by the naive generalized eigenfunctions u.(r) = (2/m)"?sin(kr + 8o(k)). Here, & and C
are the sine and cosine transforms, defined by

(Syryk) = ‘/gj:e dr Y {r)sinkr and {Cy¥k) = \/gfom dr r(r)coskr

(37

(the integrals are intended as limits in L2-norm). Both are unitary maps from J, to JH;
their inverses have the same form, with r and k exchanged. Thus 7 is given explicitly by

T= p&*) S+ kg (k%)
@+ @D " G+ @
Because S and C furnish the spectral representations of —d?/dr? on L*(R*)} with Dirichlet
and Neumann boundary conditions respectively at the origin, we are in the general situation
of subsection 2.2,
We now restrict to the generic case and explicitly construct the M; and compute their
rank and signature. M, is given by the following proposition, whose proof is given later in
this section.

(3.8)

Proposition 3.1.  In the generic case

My= etlbo) Eal (39)

weld

where £,(r) = e, and e, is the residue
o, = Res, 2z fo(—iz). (3.10)
In addition, Ran M> = span{%,, | @ € €}, and
rank My = 3 deg W + I} (3.11)
sigMy = 3 (o —ol) - I7. (3.12)

1 These eigenvalues can be complex: we will return to this point in subsection 5.3.
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Next, define M; to be the space of all L2-vectors of form QE2)k(p(R2)2+k3q (k)2)~1/2,
such that Q(z) € Clz] is a polynomial with complex coefficients. Thus

M, = (p()* + kg 02Y) ™ 2kCu [K7] (3.13)

where C,[z] is the (r -+ 1}-dimensional complex vector space of polynomials with complex
coefficients and degree at most », and U = dimMj is given by

U = §deg W + 3(05, — 04) = max{deg p, deg g}. (3.14)
M is described by the following proposition.

Propositt‘an 3.2. In the generic case, M, L vanishes on MIJ', and its action on Mj is given
by My QUDk(p(k?)? + k2q(k¥)?) V2 = QUHk(p (kD + k2q(k*)*)~/2, where

(-, pk*) — wg (k)

a0y = Q(k?)+§z T R (3.15)
Moreover, Ran My = M and

rank My = } deg W + (o2 — o3) B ' (3.16)

sighty = —(F +Ip). (3.17)

As an example, let us consider the sub-class of the R class considered by Shondin [11];
namely, the case where r{z) = p(z)/g(z) has negative imaginary part in the upper half-
plane. In this case, it'is easy to show that there can be no solutions to r(—z2) = z and
hence to W{z)} = 0 in the left-hand half-plane, except on the real axis. Moreover, one
can show that the residues «,, at these zeros are necessarily positive, so M is a positive
operator as a result of (3.9). Accordingly, 7 is contractive, and our method yields a unitary
dilation defined on Hilbert spaces. This explains why Shondin was able to construct these
GPI models on enlarged Hilbert spaces.

We now prove the above propositions.

Proof of proposition 3.1. M, may be written in two equivalent forms:
My = 87 1sin? 8a(k)S — €71 sin® S (k)C — C~! sin 8g(k) cos S (k)S

—&~1 sin 8o(k) cos So(k)C e (3.18)
= C™' cos? §o(k)C — 8 cos® Sy (k)S — C L sin Bo (k) cos Sp(kK)S
—5~sindo(k) cos 8p(k)C. (3.19)

To convert this into an integral kernel we use the following lemma, which may be proved
by standard means (cf [23, theorem IX.29]). Here, v(x) and w{(x) stand for either sinx or
cosx, and V and W are the corresponding integral transforms from H, to FH;.

Lemma 3.3.  Let g(k) € L2RY) N L2R*) and define G = V-1g(k)W. Then G has
integral kernel

G(r,r'y = -i— V/; " vkr)w(kryg(k) dk (3.20)

(where the integral is a limit in Z2-norm).
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In the case deg p > deggq, sin® 8o (k) and sin 8,(k) cos Sp(k) are L2NL* and so, applying
lemma 3.3 to (3.18) and combining terms, M> has integral kernel
i [ . . , 1 [ ikq(kZ)eik(r+r’)
My(r,r'y = = 0 sin 8o (k) dik = -f — e 3k, 3.21
2. 1) ﬂf_we sin do(k)e 7 | P08 = kg (3.21)
Making the substitution z = ik and closing the contour in the left-hand half-plane, the
integrand has a simple pole at each & € 2 and (3.9) follows. I degg = deg p, we argue
similarly using (3.19) to obtain the same result as before.

By linear independence of the &, and non-vanishing of the w,, it follows that
RanM: = Mz = span{é, | @ € &}, so rank M> = |§2|, the cardinality of €. Using
residue calculus, one may show that

1 [ Wk
$=1degW 4+ — — dk.
=2 o | W
By rewriting the second term as an integral over (0, 00), a small amount of algebra shows
that the integrand is —x~'§}(k). Thus (3.11} is established.

To compute sig M>, we define the Hermitian form ma(p, ) : Mo x Mz — C by

ma(p,¥) = (p | May¥). Labelling the elements of € as wy,...,wq, and writing

¥ =3, cifw;, We have
maW, Y)Y =) _Tilka | €00 Gy | Euder = c'BTABC (3.23)

i, jk

(3.22)

where A and E are Hermitian. = has components E;; = {§,, | &), and is non-singular
by linear independence of the £,. By Sylvester’s law of inertia [24)], the signature of M,
equals that of A, which has components

Oy, w; =w; I
Aij = ) (3.24)
0 otherwise.

A has eigenvalues {a, | @ € R} U {£|ay| | @ ¢ R}. Labelling the «; so that @, ..., w,
are the real elements of §2, we therefore have sig M, = sigdiag(e,, ..., &, ). (We have
used the fact that oz = &, and in particular that @, € R implies . € R.) Defining ¢ (k)
by (3.6), it is easy to show that cot{(—w) = 1 for & € £2, and that

&, =2 lim ero L
O Timmot—coti(z)  {'(-w)

Thus sigdiag(ern, ..., ) is equal to the number of times that ¢ (k) = x/4 (mod 7) as &
traverses R, counted according to the sign of ¢’(k) at such points. This is related to the

(3.25)

Levinson index I; by (3.12). O
Proof of proposition 3.2.  'We compute
Mo PE) L ke
(p(k2)2 -+ kzq(kz)z)uz (p(kz)z + kzq(kZ)Z)I/?.
kq(k?) el p(&*)

— (p(k?)? + k*q (k22 17z (p(R2)? + k2q (K2)2)1/2 (3.26)

which vanishes identically on the closure of D = (p(k%)? + k%¢(k®))/28C5(0, o0) as

a result of elementary properties of the sine and cosine transforms. Furthermore, o is
precisely the space M, defined above, because y L D if and only if (p(k2)%+k2q (k%) 2y
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is the sine transform of a distribution supported at the origin and therefore an odd polynomial
{cf theorem V.11 in [25]). Hence M vanishes on JVII]L and Ran M, C M.
Next, we compute the action of My on M. By contour integration

. 1 el { B 12 o O(—aDe,
T (p(k*)? + k2g (k2)2)1/2 “( ) g} 2= Eulr) (3.27)

for polynomials ({z) such that the operand is in L?. Moreover, it is easy to show that
TE, = (% 2 k pk®) — wg(k®) (3.28)
o P (p(kz)z + kzq(k2)2)1/2 w? L k2 '

from which the action of M) can be read off as required.
To compuie the rank and signature of M;, we use the fact that

rank My — rank M, = sig My — sig M> = dimker 7 — dimker T (3.29)

which follows from the intertwining relations M7 = T M, and My 7™ = T*M;. It therefore
remains to determine the dimensions of the relevant kernels. Firstly, note that ker 7* € M
and that (from (3.27)) ¥ = QkDk(pkH? + kg (kH)H)~V? e ker T* if and only if ¥ € My
and Q(—w?) = 0 for each & € 2. Thus [],.q(z + ©?) divides Q(z) and so

dimker T7* = min{U — |£2|, 0}. (3.30)
Now consider ker 7. We note that (3.28) may be rewritten
2\ -k PEg{—ed) — p(—)g&k?)
— 2 == 3 1 .
g{—w)T &y, (:n:) (P2 + k2 (k2212 k2 + a)‘-z (3.31)

and apply the following abstract algebraic result.

Lemma 3.4. Let 2, R € Cl[z] be coprime with max{deg @,degR} = k& > 0, and let
Aly ..., Ay be distinct elements of C. Then the polynomials Pi(z), ... P,(z), defined by

(z ~A)Pi(z) = R(M)Q(2) — Q(ADR(2) (3.32)
span a min{k, m}-dimensional subspace of Ci_[z].

Proof. Let n = min{k,m}. Then it is enough to show that Py,..., P, are linearly
independent. Assuming that deg @ = k, we note that P;(z) =R(©)Q:(z) — ()R (),
where Q;(z) = (@(z) — Q(A:)/(z — &) and Ri(z) = (R(z) — R(A;))/(z — A:)._Suppose
the P; are linearly dependent. Then R(z)S(z} = Q(2)T(z) where S(z) = >; o (:(z) and
T() =Y, w,-fé,-(z), for some 0 # (e&1,...,0,;)7 € C*. Because @ and R are coprime,
this implies that S and T vanish identically. But one may easily show that the Q; are
linearly independent, by explicitly considering their coefficients. We therefore obtain a

contradiction. 7 0
In our application, m = || with A; = —e? foreach i = 1,....,m and k =

max{deg p, deg g} = U. Thus dim7 Ran M, = mm{IQI U} and so
dimker7 = min{|2| — G, O}. ' (3.33)

It follows that rank M; —rank M> = sig M| —sig M» = 5 —|£2|, from which (3.16) and (3.17)
follow. O
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4. The GPI Hamiltonian

4.1. Locality and spectral properties

The results of the previous two sections allow the construction of a unitary dilation 7~
of the integral transform 7. Here, we employ 7 to define a GpI Hamiltonian consistent
with scattering theory (3.1). We denote II, = 3, @ M; and Ty = H; & M, with J-
inner products specified by J, = 1y & sgn(M;), and J; = 13¢ @ sgn(M3). In terms of
our general discussion in subsection 2.2, we set A = —d*/dr* on domain C{*(0, o0}, and
define 7. = &, T_ = C, setting a; and a- to be multiplication by cosdg(k) and sin 8(k)
respectively. Thus A, = S*k28, the self-adjoint extension of A with Dirichlet boundary
conditions at the origin, whilst A_ = C*k2C is the extension with Neumann boundary
conditions at the origin. The operators A+ + 1 both have bounded inverse.
The S-wave GPI Hamiltonian is defined by

. K 0\,
- .—_:Ff( )T @.1)
0 A

where A is a sgn{Mp)-self-adjoint operator Al = A on M. To fix A, we require that
hap(¥, T = (—¢”,0)T for all ¥ € C$°(0, co) as a locality requirement. For general
¥ € M, we have

A == a0’ (Ea)iEa | M7 ) 4.2)

weR

so M; is invariant under A* and it follows Immediately from subsection 2.2 that:

Theorem 4.1.  In the generic case, the unique choice of A consistent with lecality is

A = —(sgnQB)IMl' ) 7Y ayllE) (sl Ml 2. @.3)

weS?

We proceed to determine the eigenvectors and eigenvalues of A, First note that
{8z | M5 £} = '8y, which follows from the identity £, = 3 0uléu} (& | My '5,). It
is then a matter of computation to see that ¢; = (sgn(l‘l/!z)lfldle”2)_1 &, is an eigenvector
of A with eigenvalue —@? for each i = 1, ..., [Q2]. Because A has rank |S2], this exhausts
the discrete spectrum of Agp;. The following is then immediate.

Theorem 4.2.  In the generic case, and with A is defined as above, hgpy has the following

spectral properties: & (hgpr) = Gec(hcpr) U opp(hcer) where ouc(cr) = RY and opp(Baer)

consists of the |2 eigenvalues —w?, whose corresponding eigenvectors are

e ( £ ) (4.4)
=L g = - ) .
T (sgn(Mo)| M| ?) ™' &,

The absolutely continuous subspace is the Hilbert space 7134,

This bears out our earlier statement that the poles of the scattering amplitude on the
physical sheet correspond to the discrete-energy spectrum, if locality is imposed.
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The physical Hilbert space is required to be a positive definite invariant subspace of I,
relative to hgpt. In ITi, we have the [-, -]y, -orthogonal decomposition [, = H[+IM;,
where M is spanned by the eigenvectors ¢; of A. We compute

0 ;.7 @

PRAVESP Iy WES I B @)
Otwj wp = wj. )

Hence I1; is decomposable as [Ty = H[+]EL[+]E_[+]H where E, is spanned by the ¢;
with [, ¢ilng > O (@, > 0), E_ is spanned by those with [¢;, @il < 0 (@ < 0), and
H is the hyperbolic invariant subspace spanned by those ¢; with «; & B. Moreover, this
is a decomposition into invariant subspaces, because D(k?) is dense in H. The physical
Hilbert space Hpys is therefore defined by

Honys = T FGIHIES). 46)

‘We briefly discuss the uniqueness of the GPI Hamiltonian constructed in this way. As
noted in subsection 2.1, 7 is unique up to further unitary dilation and unitary equivalence
because the M; are of finite rank. Further dilation merely corresponds to the (trivial) freedom
to form the direct sum of hAgp; with the Hamiltonian of an arbltrary independent system. On
the other hand, replacing 7 by (I @ U;)7 (1 @ U;) where U; is a sgn M;-unitary operator
on M; for i = 1,2, it is easy to show that the local GPI Hamiltonian %¢;p,; obtained is given

by .
ke 1oy Ry Lo | a7
GPI = 0 U GFI o U . | .

We have therefore constructed a family of unitarily equivalent GPI Hamiltonians on I,
corresponding to the same scattering data. It is clearly sufficient to study Agp; alone in
order to determine the domain and scattering properties of kg

4.2. Domain and resolvent

We now determine the domain and explicit action of the aperator Agpy under the locality
assumnption. Qur result is the following: '

Theorem 4.3.  Let ©y = (2/m) 21201 (p(k*)2 + k2q(k2)*)~V/2. Then in the generic case,

®
D(hGPI) = {( & ) l @, ﬁof € ACIDC(Oi 00)1 @, gD” € Lz; P e Mla

© — Alg]®g € DD NM, } 4.8)

where © = sgn My[M;|"/*® and

Py(0) deg p > degg

Mgl = 1 Pe(0y — O¢'(0) deg p =degg 4.9
-0¢'(0) deg p < degq |

{ An invariant subspace L of a J-space X relative to a linear operator A on X is a subspace of & such that
D(A) N L= Land Ran Al C £, where the closure is taken in the norm topology of K
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and P and Q are the leading coefficients of p(z) and ¢(z) respectively. (In the case M; = 0,
D(hge) = {¢ | ¢, ¢’ € AC1(0, 00}, @, 9" € L%, Alp]l = 0}.) Moreover

hep:( v ) = ( _fo ) (4.10)
® &

where ® is given in terms of © = sgn M| M, [/2® by

1z 20 _ 2 : 2
& = K2(0 — A[¢1O0) + (2) kMol ~ @) p&7) + ¢'(@)g (k")) @.11)

r (P22 + kg (k22) /2

Proof. The result is a direct application of the discussion in subsection 2.2. The key point
is that, for each ¢ € D(—dz/drzlggcm_m}}, the vectors x and x_ are given by

X+ = —p(0)e™" and X-=9"(0e™” (4.12)

which follows because x, (x-) is the unique element of ker(—dzfdrzl‘&gamm) + 1) such
that ¢+ x.. (@ + x-) is in the domain of the Laplacian with Dirichlet (Nenmann) boundary
conditions at the origin. 0

The resolvent of Agpr may be written in the form of Krein’s formuia as

0  Riz) P+ (=24 (2)

Here, Ry(z) = S~ 1(k% — z)'S is the free resolvent and the defect element F(z) € I, is

given by )

e—{—a)r

F(z)= ( /2eml ) 4.14)
(sgn M| M|V ()

F@OF@!. 4.13)

(hgrr —2)! = (

where U(z) e M, is

2\ _k(pk*)q() - p2)g¢®))

v0=(2) @ L oa e @19

and the operator R;{(z) is defined on M by
2\ k(QE) - Q@)q(K)/q())
_ 12y-1( =
Ry (z)Y® = (sgn Mi{Mq]7%) (ﬁ) 0@ — (P02 + Koq () T2 (4.16)
where Q(z) is defined in terms of $ by
2\ 34(3)
— Mg | =

0 =sgnan "0 = (2) " o @an
The above expression for R(z) may be verified directly using theorem 4.3, and the fact that

[(sgn Mi | M1|Y2) T W (D), lng = —% : : (4.18)

which is required when one takes inner products with F(Z). Using this result, it follows
that (4.13) holds for elements of form (0, ©)T with @(z) = 0; direct computation establishes
it for @(z) = 1 and also for vectors of form (¢, 0)T with p € 3. Thus (4.13) holds on

t Here, it is useful to employ the decomposition 3¢ = Ran(—d?/dr? — 2)|cg (0,00 @ Ce— M,
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the whole of I1,. It remains to establish equation (4.18). Multiplying through by g(z), the
LHS of (4.18) is equal to
G@YE | M8 = (T @Y @D | M; ' T°0) + (DY@ | ©). (4.19)
Using the identity (&5 | M, IEw,.) = a;‘é‘i ; and the results of section 3, the first term is
] x L _ p) —wq(z)
(T (@Y (@) | M, 78} —%m
The required result then follows from the ecalculation

_ e k0P (p(z) —ikg(2))
@YD [ 6) =— _md}c T = 00D T (o)

O(—oDa,. (4.20)

_ _ p@)—wglz) . 5
= —Q(z) ;——"—q(—wz)(mz T 20, 421

4.3. Scattering theory

In this section, we construct Mgller wave operators for figp relative to the free Hamiltonian
ho = S~128 on H; in order to check that Agpy actually exhibits the required scattering
behaviour. Because scattering is a function of the continuous spectrum only, our results in
this section are actually independent of the precise form of A, and therefore of the locality
requirement. )

We work in the S-wave, and employ a two space setting: let B be self-adjoint on H,
A be self-adjoint on H; and 7 be a bounded operator from 3 to H;. Then the Mgller
operators (A, B; J) are defined by

Q*(4, B; J) = Jim & Je™ 15 P, (B) (4.22)

and are said to be complete if the closure of Ran Q(A, B; J) is equal to Ran P,.(A).
In the following, 7, and J; are the natural embeddings of H; and J into I, and [T
respectively.

Theorem 4.4. Let J :3G — I, be given by 7 = ‘f"JfJ}T. Then Q*(hgpr, Bo; J) exist,
are complete, and given by

Q% (hapr, hoy ) = 71 FeF0®S (4.23)
where 8p(k) is given by (3.1).

Proof. Writing U, for multiplication by e ¥ on T, we have

. _ U . '
ghont Jetot B (hg) = T ( ’ ) T75'u,s
. 0 expiAz
=Hnu_,78'US. (424)
Now, for any u(k) € Cg°(0, c0),
W_ TS Uu(k) — e20®y k)|
= [| sindo(k)C(C ™ £iS O u(B)|*
2 ([ i gl
<= f dr f dk E=F Dy (1) A (4.25)
T Jo 0 :
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which vanishes as 1 — =Fco by (non)-stationary phase arguments (see [26, corollary to
theorem XI.14]). Thus U_, 78U, — e*%® gtrongly as t — Foo. The existence and
form of the Mgller operators are then immediate. One easily checks that they are unitary
maps from G to Py(hgpr) = 71 7:3G, to establish completeness. a

We conclude that our construction does indeed yield the required scattering theory, and
also that—as a by-product of the construction—complete Mgller operators may easily and
explicitly be determined.

5. Examples
As an application, we construct the class of GPI models with scattering data

1
cotdp(k) = 7L + kM (5.1

where L is the scattering length, and M is twice the effective range. These models therefore
represent the effective-range approximation to the behaviour of a non-point interaction in the
S-wave, This class of models has been partially studied by Shondin [11}, who considered
the case M < 0 (‘models of type By’) and also appears as a special case of the models
considered by Pavlov in [8]. (We also note that van Diejen and Tip [13] have constructed
models of type cotdo(k) = (ak + bk> + ck)~! using the distributional method.) The case
M > 0 does not appear to have been treated before. Our construction provides a unified
construction for all models in the above class, and also provides the spectral representation
such models as a by-product of the construction (although we will not state this explicitly}.

The above class of GPI models contains two interesting sub-families: the ordinary point
interactions (M = 0} and also the resonance point interactions arising formally by setting
L = 00, ie. cotdg(k) = kM with M € R U {co}. Such models are required in situations
where the scattering length is generically forced to be infinite, for example in certain systems
of supersymmetric gquantum mechanics.

We begin by briefly treating the point interactions, both for completeness and also to
demonstrate how this class arises in our formalism. We then turn to the general case,
obtaining RPI models in the limit L — —oco.

5.1. Point interactions
The required integral transform is
T =1+ L) V28 — kL1 + kL)~ 12C. (5.2)

In the cases L = 0, o0, 7 reduces to & and C respectively, and the Hamiltonian is given
immediately by 7*4>7. We exclude these cases from the rest of our discussion.

We therefore apply the construction of section 3, with p(z) = —L~! and g(z) = 1. We
find that U =0, so M) =0 (i.e. 77" = 1). Straightforward application of proposition 3.1
yields

[xed{xel L>0
M, = (53)
0 L <0

where x.(r) = (2/L)"2e~"/L is normalized to unity. Hence if L < 0, 7 is unitary and the
Hamiltonian is s; = 7*k?7T, with purely absolutely continuous spectrum R*. In the case
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L > 0, the momentum Hilbert space is extended to H & C, representing a single bound
state, and the unitary dilation 7 : 3 — J & C takes the form

- T N
T:( ) T*:( T* !XL) ) (54)
{xzl ‘
(M @ C has the obvious inner product.) The Hamiltonian is
N k2 0\ .
hy =71 ( o ) T=T*k2T+ Alxeynel 5.5

and the locality requirement fixes A = —L™>, which is, of course, the usual value. Finally,
the domain of 4y is given by theorem 4.3 as the space of ¢ with ¢, (p e AC:(0, 20),
¢" € L? and satisfying the well known boundary condition

(0} + Le/' (0) = 0. - (5.6

To summarize, all the well known properties of point interactions may be derived within
our formalism.

5.2, Effective-range approximation

In this section, we maintain M 3£ 0, L 3 0, setting p(z) = —L™' +zM and g(z) = 1.
We will not explicitly construct the dilation (although this follows immediately from our
discussion), but will use the results of section 4 to read off the domain and action of the
Gpl Hamiltonian fp, .
Using the results of section 3, we find
1+ i(sgnM +sgnlL) L#co
U=1 2] = . 5.7
_ L(1+sgn M) L = oo.
Writing W(z) = —M(z — w)(z — w2), © is the subset of {@;, w:} lying in the left-hand
half-plane, and we have w; + ws = =M™, wjws = (ML), The residues «,, are
2an 2w,

Yo M —w) T M — ) ©8)
In addition, the space M = Ran M is equal to C|n}, where
k
nik) = N(kz + (k2M — L-T)I72 a 9
and the normalization constant is
QiM| /)2 ML >0
= (5.10)
QM2 —aML~ YY" ML <0.
Using proposition 3.2, we cbtain
+1 M<0,L<0
M = Any{nl A=1 —sgn M —4MLy™ V2 ML <0 (5.11)
-1 M=>0,L>Q.

Accordingly, the extended position inner product space is IT, = H, @ C with J-inner
product specified by J = 1 @ (—sgn M). The scalar component is the coefficient of [77) in
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M. For all generic cases (i.e. all cases other than L = 4M > 0) theorem 4.3 entails that
the domain of kg p is

@
D(hyy) = {( ° ) | @, ¢’ € AC1(0,0), 9, 90" € L% &= -IME"’GD(O)} (5.12)

and that the action is

99 _qoff
ki, = . (8.13
”’( —1M1"%(0) ) ( — sgn MIM|" V(g (0) + L p(0)) ) )

Moreover, one may show that these equations also hold in the non-generic case L = 4M >
0.

It is worth noting how this domain and action correspond to the scattering data (5.1).
Solving the equation ki, y (@, )7 = k%(p, ®)7 for the generalized eigenfunctions of iy sy,
we find (r} o sinfkr 4 d(k)) for some d(k), and also cobtain the relation

—sgn MIM|7V2(9'0) + L1 0(0)) = K21 M| 2p(0) (5.14)

which entails that Zcotd(t) = ¢'(0)/@©) = —L7! + k*M. Thus d(k) is precisely the
scattering data 8o(%).

The kP1 models, which have scattering data cotép(k) = kM are obtained in the same
way. The space M is spanned by ¥y (k) = (2|M)/7)2(1 + (kM)*)~Y2, and the operator
M, is found to be M) = —(sgn M)y }{¥a]. Thus the inner product space is I1, = H. 6T
with J = 1 @ (—sgn M). They have the domain (5.12) and action

(a __(alf
""M( —1M1"2(0) ) ( — sgn MIM1~"2/ (0) ) G13)

Let us consider the physical Hilbert space for these mwodels. From section 4,
this is constructed by projecting out the hyperbolic invariant subspace, and also those
eigenfunctions with negative norm squared (if present). The bound states of kg a are
clearly vectors of form (%, |M|Y2)T with norm squared equal to —(2Rew)~! — M, where
w is a root of w? + M1 + (ML)~ = 0. There are four cases to consider.

Case (i): M < 0. Ti, is positive definite so no projection is required.

Case (ii): M > 0, L < 0. There is a unique bound state with
o= 14+ (1 —4M/L)V?

oM (5.16)
and negative norm squared. Projecting this state out, we obtain
¥
= eM ;. (5.17
s ={( e,y ) 17€%] )

Case (ifi): M > 0, 0 < L < 4M. ‘There are two bound states with complex conjugate
eigenvalues. Accordingly, their eigenfunctions span a hyperbolic invariant subspace.
Projecting this subspace out, we find

@
o= b — &) |@h =0 5.18
Hony {(M_l,z(%@ﬁ%w))wexs (Go—&) | 0) } (5.18)

where @ is given by equation (5.16).
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Case (iv): M > 0, L > 4M. There are two bound states with real eigenvalues. However,
only the state specified by (5.16) has negative norm. Projecting this out, we arrive at the
same expression for iy, as in case (ii).

RPL models are covered by case (i) for M < 0, and have Honys given by (5.17) for
M >0, with w = —1/M.

The GPI Hamiltonian acts on Hpyys by restriction. For example, in case (ii) above, we
have

_— ¢ 7 7 " 2,
D(hy alo.) = {( M'I/Z{gw o) ) | @, ¢ € ACioc(0, 00), _fp,fp, e L%
Me(0) = —{&u | qa}} (5.19)

on which hz amlac,  acts as before. The restricted operator has the same continuum spectrum
as fz . but has no bound states in this case. Moreover, the property of locahty 18
partially lost: it is clear that vectors of form (p, 0)T with ¢ € C§(0, 00) are in Hopnys
only if ¢ L &,. However, for elements of this form in FGyy, it remains the case that
Br a3, (0. 0)F = (—¢",0)T. Thus the properties of locality and ‘positivity’ are not
entirely compatible.

5.3. Physical interpretation

In this section, we discuss how the effective-range models constructed above may be used to
model Schrédinger operators H = —A 4V, where V is smooth, spherically symmetric and
compactly supported within radius a of the origin. Our methodology extends that described
in [3], in which the scattering length approximation is discussed.

Given a smooth spherically symmetric potential V{r) supported within radius a of the
origin, we may find the ‘best-fit’ GP! model hL,M as follows. Let ug be the S-wave zero-
energy cigenfunction, i.e. the solution to —ug 4 Vi =0 with regular boundary conditions
at the origin. Then the arguments of [17, subsection 11.2] give the low-energy parameters
L and M as

(5.20)

and _
_ a 1ra\2 fu Iuo(r)l2 dr
w=afi-2f () -y ) o
Thus the scattering behaviour is cot8p(k) = —(kL)™! + kM + O(%%) and the best fit GpI
model in our class is kg 3. We refer to equations (5.20) and (5.21) as fitting formulae;
equation (5.20) is the fitting formula employed in [3). The range of energies for which
the approximation is valid can be determined by a ‘believability’ analysis analogous to that
described in [3]. We will not do this here.
Note that M obeys the bound
a 1 a\2
< -4+ -{=)}. .
\M<a{l L+3(L)} (5.22)

Moreover, this bound is best possible: for any L € RU {cc} and any M in the above range,
one can clearly find a smooth function wuy(r) satisfying rf;gular boundary conditions at the
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origin, ug & (1 — r/L) for r > a and such that (5.21) holds. Then the potential defined
by V(r)} = uj(r)/uo(r) has S-wave scattering behaviour approximated to second order by
hy 3. The contribution to the total scattering cross section from the effective-range term
generally outweighs that from higher angular momenta, so the S-wave GPI model provides
a second-order approximation to the full scattering behaviour.

Finally, we discuss the interpretation of the discrete spectrum of Ay p. We have
constructed %y pr so that its scattering behaviour matches that of a given Schrddinger
operator at low energies, E. For larger | E|, the approximation breaks down—in the language
of [3] we say that it is no longer ‘believable’. Thus, deeply bound states are unlikely
to be believable. In particular, for 0 < L < 4M, f; » exhibits a complex conjugate
pair of eigenvalues, which can never be believablet. Such phenomena are artifacts of
the idealization process, due to the troncation of the low-energy expansion. The issue of
believahility is discussed in [3]; similar comments are made in [13].

6. Conclusion

We begin by discussing various generalizations of our method. There are many situations
ir which the analysis of subsection 2.2 may be applied. In two dimensions, for example,
one can consider radial GPI Hamiltonians which agree with

1d d v?

T oor drra; 7z
away from the origin, as models for an infinitesimal ‘dot’ of magnetic flux v, with |v] < 1.
In this case, one must employ Hankel transforms rather than sine and cosine transforms.
In [19] we will implement this programme to construct a models of RPI type for the Dirac
equation in the presence of an infinitesimal tube of flux. These models provide the leading-
order approximation to the scattering data.

Our method could also be applied to S-wave GpPI models with a Coulombic tail. In this
case, the appropriate integral transforms would be based upon Whittaker functions and the
scattering data would be specified in terms of Coulomb-modified partial wave shifts. In
this case, the dimension of ¥ would be countably infinite, due to the countable discrete
spectrum of such models. However, one would expect M to remain finite dimensional for
simple models.

Secondly, it is of interest to generalize the unitary dilation method to sectors of higher
angular momentum with £ 2 1 (and the corresponding analogues for magnetic flux dots,
i.e. |[v| 2 1, and Coulombic Gpl for £ 2 1). This is more problematic, because the radial
Hamiltonian —d?/dr? + £(£ + 1)/r? is essentially self-adjoint on C2(0, 00) and so the
method of subsection 2.2 does not apply. Here, it might be possible to obtain a suitable
integral transform by analysing the distributional construction. We hope to return to this
clsewhere.

Finally, we consider applications to the definition of arrays of point scatterers. Here,
the most likely use of our methods is to generate the ‘monomer’ by inverse scattering.
By passing to the resolvent written in the form of Krein's formula, one can isolate the
appropriate ‘defect element’ and proceed to form the array by methods discussed in [13],
which generalize the procedure for arrays of I developed in [27].

(6.1)

t These are not eigenvalues of ks pr restricted to the physical Hilbert space. However, they persist as poles in
the scattering amplitude and our remarks still apply: k; s does not give a reliable approximation to the scatiering
theory at those scales.
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To summarize, we have introduced an inverse scattering construction for GpI models
using the theory of unitary dilations, and developed the method in detail for the class of
single centre S-wave GPI models with rational S-matrices. A physical locality requirement
completes the specification of the Hamiltonian, whose scattering, spectral and domain
properties are explicitly determined from our results.
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